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Generalizing Amari's work titled "Information geometry on hierarchy of probability distributions" 
[H, we define the degrees of irreducible multiparty correlations in a multiparty quantum state based 
on quantum relative entropy. We prove that these definitions are equivalent to those derived from 
the maximal von Neaumann entropy principle [2, Based on these definitions, we find a counter- 
intuitive result on irreducible multiparty correlations: although the degree of the total correlation 
in a three-party quantum state does not increase under local operations, the irreducible three-party 
correlation can be created by local operations from a three-party state with only irreducible two- 
party correlations. In other words, even if a three-party state is initially completely determined by 
measuring two-party Hermitian operators, the determination of the state after local operations have 
to resort to the measurements of three-party Hermitian operators. 



PACS numbers: 03.67.Mn, 03.65. Ud, 89.70.Cf 

Introduction. — In quantum mechanics, the complete 
information of a multiparty system is contained in its 
multiparty quantum state, which can be revealed by per- 
forming different types of quantum measurements. A 
natural classification of the types of quantum measure- 
ments on a multiparty system is based on the number 
of parties involved in a measurement. In other words, 
a fc-party measurement in an n-party system is repre- 
sented by a /c-party (1 < A: < n) Hermitian operator. 
By measuring fc-party Hermitian operators, we can de- 
termine the fc-party reduced density matrices. Obviously, 
the (fc— l)-party reduced density matrices are determined 
by the fc-party reduced density matrices. Thus the degree 
of fc-party irreducible correlation is defined as how much 
more information contained in the fc-party reduced den- 
sity matrices but nonexistent in the (fc — l)-party reduced 
density matrices. The concept of irreducible n-party irre- 
ducible correlation for an n-party quantum state was first 
proposed in Ref. Q by Linden et al, and we generalized 
it to irreducible fc-party correlations for any 1 < fc < n 
in an n-party state in Ref. 

As mentioned in Ref. the irreducible fc-party cor- 
relation in an n-party state can be regarded as the quan- 
tum version of the connected information of order fc for 
a probability distribution of n classical variables defined 
m Ref. Qby Schneidman et al. However, in classical in- 
formation community, there exists a related work titled 
"Information geometry on hierarchy of probability dis- 
tributions" [l| by Amari. Thus the following questions 
naturally arise: What is the quantum version of Amari's 
work? Is the quantum version equivalent to the irre- 
ducible correlations defined in Refs. 0, 01? Does it give 
us new insight on irreducible multi-party correlations? 
Here we remark that, even in classical information com- 
munity, as far as we know, one does not know whether 
the definitions given in Ref. [H and in Ref. Q are equiv- 
alent. 

Another related interesting topic on multiparty corre- 



lations is to define and characterize the genuine n-party 
correlation in an n-party quantum state [5, 6,01 • Is the 
degree of irreducible n-party correlation in an n-party 
state 01 a legitimate measure of genuine n-party correla- 
tion? 

In this paper, we give the quantum version of Amari's 
work, and we prove that this quantum version is equiva- 
lent to the irreducible correlations defined in Refs. |2;l3|- 
Based on this equivalent form, we find a counterintu- 
itive result: the irreducible three-party correlation can be 
created by local operations from a three-party quantum 
state with only irreducible two-party correlations. This 
implies that local operations can create higher order ir- 
reducible correlations from lower order correlations. In 
other words, the degree of irreducible n-party correlation 
in an n-party state can increase under local operations, 
and it is not a measure of genuine n-party correlation in 
an n-party state 0, 0, 13|- 

For the sake of notation simplicty and without losing 
of generality, we will formulate our problem for a three- 
qubit system. 

Two representations of a three-qubit quantum state. — 
To simplify our presentation, we shall adopt the follow- 
ing notations. First, let m denote (mi, m2, ma), with 
rui e {0,1,2,3} for i = 1,2,3. Specifically, denotes 
(0, 0, 0), and m can take any values as m except 0. Sec- 



ond, let (Tm^^'' denote ami 



J2) 



ami J where ao is the 



2x2 identity matrix, and ai {i — 1,2,3) are three Pauli 
matrices. Third, let iVo(m) = X^i'^niiO, and [3] = (123). 

An arbitrary three-qubit state p^'^' with maximal rank 
can be written in the exponential form 



p[3l({0-})^expi 



(1) 



where 6'™ are real parameters. Because the state is nor- 
malized, parameter 9^ can be determined by the other 
parameters {^™}, which is explicitly given by 9° = 



2 



-V'({6l*}), where 

V'({0-^}) = Tr[cxp(^0*a|)]. 



(2) 



The exponential form for a quantum state given by 
Eq. ^ ensures the positivity of the state automatically, 
which implies that a bijective map can be built between 
the set of three-qubit states with maximal rank and the 
set of 63 real parameters {9"^} via Eq. 

In addition, it is often instructive to regard the state 
in Eq. ([1]) as a thermal equilibrium state with the pa- 
rameters {0™} describing the Hamiltonian of the three 
qubits. Then function in Eq. ^ is the minus 

of the free energy in statistics physics. 

Another more widely used representation for the state 



is 



P 



[3] 



77 



[3] 
m ) 



(3) 



where 77™ are also real parameters. Here the normaliza- 
tion of the state leads to 77° = 1, and the parameter 77™ 
is the average value of the Hermitian operator cr|^' for 
the state. Here we remark that not all real parameters 
{77™} will make Eq. ^ semipositive, namely, being a 
legitimate state. 

Quantum relative entropy. — Quantum relative en- 
tropy is a basic quantity in quantum information theory 
0, Q , which is defined by 



S{p\\a) = Trip{lnp-lna)). 
It satisfies the Klein's inequality 

sip\W)>o, 



(4) 



(5) 



where the equality is satisfied if and only if p = tr. Quan- 
tum relative entropy S{p\ \a) is a measure of distinguisha- 
bility for the state p relative to the state a. On one hand, 
when the joint set between the support of the state p and 
kernel of the state a is not empty, the quantum relative 
entropy becomes positive infinity, which means that we 
can definitely distinguish the state p from the state a. 
On the other hand, the Klein's inequality shows that only 
two identical states are completely indistinguishable. 

Quantum relative entropy has a desirable distance-like 
property: it does not increase when part of the system is 
ignored, that is, for a composite system AB, 



(6) 



Eq. ([6]) implies that any quantum operation acting on 
two states simultaneously can not increase their quantum 
relative entropy. 

Using the two representations for a quantum state 
given by Eq. ^ and Eq. we obtain 



||p'[3]) ^ ^({,^*}) + ^({9'^}) ^yy 



(7) 



where the function (j) is the minus of the von Neaumann 
entropy, namely. 



<f>im)^^s{p^'\{v^})). 

Taking pl^] ^ p'M ^q. we get 



(8) 



(9) 



Eq. ([9]) is the Legendre transformation, which gives the 
variable transformation 



dij{{0'^}) 



(10) 
(11) 



Following Eq. ([7]) and Eq. ([9]), we obtain a useful 
relation 

5(p[3]||p"[3]) _ 5(p[3]||p'[3]) _ 5(p'[3]||^"[3]) 
m 

Irreducible multiparty correlations. — In this section, 
we will first review the definitions of irreducible multi- 
party correlations given in Refs. 0, S|. Next we will 
present new definitions on irreducible multiparty corre- 
lation by extending Amari's work Then we will show 
that these two definitions are equivalent. 

We consider the irreducible multiparty correlations in 
a given three-qubit state pi"^' . 

Definition 1: First we define two sets of three-qubit 
states as 



M2(p?l) = {p'^'({^'"})|r7'" = 77^, ViVo(m) > 1}(13) 



Mi(pi3l) = {p'^'({77*})|7;'^ = 77f , ViVo(m) > 2}(14) 

Obviously, the set JVhip* ) {Mi{pi')) is the set of three- 
qubit states that have the same two-qubit (one-qubit) 

[3] 

reduced density matrices as those of the state pi . Next 
we will figure out the states with maximum von Neau- 
mann entropy in the above two sets respectively, which 
are defined by 



J3] 



3,)^(p[3l), (15) 
pfl = argmax^[3,g^^^(p[3]^S'(p[3l). (16) 



P*2 = argnmx^[3,^^,^^^^ 

J3] 



Then the degree of irreducible three-party correlation and 
the degree of irreducible two-party correlation are defined 

by 



C3(pi='l) = 5(pS)-5(pI'1), 
C2{p^^^) = S{p^!h-S{p^!^). 



(17) 
(18) 
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The degree of the total correlation is 



(19) 



Definition 2: We also introduce two sets of three- 
qubit states defined by 

E2 = ^ 0, VA^o(m) < 1}, (20) 

El = {p[3l({^*})l^* = 0, V7Vo(m) < 2}. (21) 

Next we will find out the most indistinguishable states 
relative to the state in the above two sets, namely, 



[3] ■ ol [3] 1 1 f3h 

P*ii = argmm^[3ig£;3S'(pi^||p"), 



= argminp[3ig£;^S'(pi'''||p'^0 



[31|U[3]^ 



(22) 
(23) 



Then the degrees of irreducible three-party correlation 
and irreducible two-party correlation are defined by 



C^(pr) = 5(p?l||pil), 
The total correlation is given by 

c^(pri) = 5(pri|pS). 



(24) 
(25) 

(26) 



The similar structure of the above two approaches mo- 
tivates us to consider whether they are equivalent or not. 
Actually, we have the following theorem. 

Theorem: Definition 1 and Definition 2 on irrre- 
ducible multiparty correlations are equivalent. 

Proof: In Tehorem 1 of Ref. we have proved that 
p^^l e E2 and pfi' G El. Using Eq. we have, Vcrf G 

E2 and Vcrp^ G Ei, 

S{pf\\af) = 5(pi^l||pS) + 5(pill4"), (27) 
S{pf%f^) = 5(pr||pfl) + 5(pfl||afl). (28) 

Because of the Klein inequality Eq. (|27| and Eq. 
([28l) show th; 
and we have 



28)) show that the state p^jj and the state pj^^ are unique. 



Pil = Pil (29) 



(30) 



Inserting 4^' = o-f' = ^ into Eq. ^ and Eq. (|28l) . 
we obtain 



C'sipf^) = C^(pri), 
CT(pi'l) = C^(pi'l). 

Inserting 0-2'^' = into Eq. l(27|) . we find 
C2(p?l) = C^(p?l). 



(31) 
(32) 



In the process of the proof, we have shown that the 
states p^^2 p^^l are unique for a given three-qubit state 



[3] 



which is not easy to prove directly from Definition 



P 
1. 

Properties. — So far we have two equivalent defini- 
tions for the degrees of irreducible multiparty correla- 
tions. However, we still lack the answer to the funda- 
mental question: Do the degrees of irreducible multiparty 
correlations satisfy the basic requirements of a legitimate 
correlation measure? 

Let us begin with a brief review of the basic require- 
ments for a legitimate correlation measure fS, Ji|- First, a 
correlation measure is semipositive; Second, a correlation 
measure is invariant under local unitary transformations; 
Third, a measure for a specific type of correlation is zero 
if and only if the state has not such type of correlation; 
Fourth, a correlation measure does not increase under 
local operations . 

According to the definitions of C2, C3, and Ct, obvi- 
ously they are semipositive. On one hand, a local unitary 
transformation only changes the local basis, thus a bijec- 
tive map can be built between a state and the correspond- 
ing transformed state. On the other hand, the involved 
functions, the von Neaumann entropy and the quantum 
relative entropy, are invariant under local unitary trans- 
formations. Therefore, the correlation measures C2, C3, 
and Ct are invariant under local unitary transformations. 

The third and the fourth requirements can be analyzed 
conveniently by the second definitions. In fact, E2 is the 
set of the states without irreducible three-party correla- 
tions, and El is the set of the states without correlations. 
According to the definitions of C3 (Ct), C3 (Et) of a 
state is zero if and only if the state is in the set of E2 
(El). Notice that we have not, and we may not need, an 
independent set of states without irreducible two-party 
correlations. 

Because of the monotonicity of quantum relative en- 
tropy ([6]), the necessary and sufficient condition for the 
measure Ct (C3) satisfying the fourth requirement is that 
the set El {E2) is closed under local quantum operations. 
Because any state in Ei is a product state of the three 
parties, the set Ei is indeed closed under local quantum 
operations. Therefore, the total correlation Gt does not 
increase under local quantum operations. 

However, we find that the set E2 is not closed under lo- 
cal quantum operations. This is expHcitly demonstrated 
by the following counterexample. 

An counterexample: The initial three-qubit state 
we consider is given by 



q330 



g303 



flOOl 



1 



(34) 



where we only list the nonzero elements in the set {6*™}. 

[31 

Obviously this state p\ € E2. To implement an local 
(33) operation on qubit 1, we introduce an auxiliary qubit a. 



4 



whose initial state is given by 6*^ = 1. Then we make 
the CNOT operation with qubit a the control qubit and 

[31 

qubit 1 the target qubit. The final state py of the three 
qubits is given by 



„ooi 



tanh(l) 

~7r 



^033 ^ ^303 ^ t^'^tl (1) 



^/2 ' 



7^30 = tanh2(l), 77331 ^ 



V2 



[31 

In the exponential form, the state can be written 
numerically as 

9°^^ ~ 0.650, 9°^^ = 6*303 _ Q 33g^ 

6*330 _ Q 543^ ^331 _ Q_Q4g^ (3g^) 
[31 

Obviously, ^ £'2- 

The above counterexample shows that the irreducible 
three-party correlation can be created by a local opera- 
tion from a three-qubit state without irreducible three- 
party correlations. Thus the measure C3 can increase 
under local quantum operations, which implies that, in 
this sense, C3 is not a legitimate correlation measure. 

Discussions and summary. — We formulate our re- 
sults for a three-qubit state in the above discussions. We 
emphasize that the formalism can be generalized to apply 
to any multiparty state with finite dimensional Hilbert 
space. In the general cases, the four Pauli matrices are 
taken place of by a complete set of orthornamal Her- 
mitian operators in the finite dimensional Hilbert space 
In addition, by using the exponential form, we only 
deal with the multiparty quantum states with maximal 
rank. For the multiparty quantum states without maxi- 
mal rank, we can use the continuity approach developed 
in Ref. [3| to investigate the distribution of irreducible 
mulatiparty correlations in them. 

Although our work is motivated by Amari's work on 
information geometry our presentaion focuses on the 
results but not on the underlying mathematical struc- 
ture. In fact, our presentation can be understood with- 
out resorting to information geometry as follows. As 
emphasized by Theorem 1 in Ref. 0], the exponential 
form of a multiparty quantum state is of great signif- 
icance in characterizing irreducible multiparty correla- 
tions. More precisely, the theorem implies that E2 {Ei) 
is the set of three-qubit states without irreducible three- 
party (two-party and three-party) correlations. Thus 
Eqs. (|24I25I26P can be introduced via quantum relative 
entropy by the tradditional method widely adopted in 
quantum information community 0, • 

According to the definitions of irreducible multiparty 
correlations, the thermal equillibrium state of a Hamiti- 
tonian with two-body interactions will at most show irre- 
ducible two-party correlations and can not show higher 



(35) 



order irreducible multiparty correlations. However, we 
know that a Hamitonian with two-body interactions can 
demonstrate topological order which is a type of ir- 
reducible macroscopic party-correlations. How to concile 
this obvious paradox? This will be due to the degeneracy 
of the ground states and the mechanism of spontaneous 
symmetry broken, which makes the equibrium state is 
not simply written as the exponential form of the Hamil- 
tonian. This explains why a multiparty system with short 
range interactions showing topological order always have 
degeneracy of ground states. 

In summary, we present the quantum version of 
Amari's work, and prove that it is equivalent to the 
irreducible multiparty correlation defined in (3, 0, 
Based on this new presentation, we find a counterintu- 
itive result: the irreducible three-party correlation can 
be created by local operations from a three-party state 
with only irreducible two-party correlations. This implies 
that the degree of irreducible multiparty correlation can 
not be regarded as a legitimate correlation measure in- 
dependly. Local operations can not only destroy high 
order correlations into lower order correlations, but also 
can transform lower order correlations into higher order 
correlations. We hope that this investigation will help 
us to characterize the multiparty correlation structure 
in a multiparty quantum state, and finally improve our 
understanding of the physics on multiparty correlations 
contained in a multiparty quantum state. 
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